Abstract: The problem of terminating a transmission line that consists of a set of coupled loop resonators to support the propagation of magneto-inductive waves is considered. Since the ideal terminating impedance is not easily realisable end-reflections are generally obtained from such a line. Techniques are developed to calculate the reflection coefficient from a line terminated with a finite number of lossy resonators. The effectiveness of a variety of absorbing modifications is compared, and it is shown that broadband reflection suppression may be obtained from a geometrically graded variation of attenuation.
Introduction
It was shown by Pendry et al. [1] that the periodic insertion of a set of split-ring resonators into a dielectric material may induce radical changes in its effective permeability. A lowfrequency version of the split-ring resonator is a metallic loop loaded by a small bulk capacitor. It was shown theoretically by Shamonina et al. [2, 3] and proven experimentally by Wiltshire et al. [4] that an array of such loops can act as waveguides propagating magneto-inductive (MI) waves within a narrow band around the element's resonant frequency. A further study [5] was concerned with the design of components, such as directional couplers, power dividers and tapers.
The aim of the present paper is to investigate the feasibility of broadband termination and offer solutions. This is important, both from the viewpoint of increasing understanding, and for the development of practical devices and systems. The problem needs attention because, in contrast to traditional transmission lines, the terminal impedance that prevents reflection in a MI waveguide is frequency dependent [2, 3] .
Single-and double-element resistive terminations
The system we choose to model consists of a linear array of coupled loop resonators as shown in Fig. 1a . For a lossless line, the loops have impedance Z ¼ j(oLÀ1/oC) and nearest neighbour coupling X ¼ joM, where L is an inductance, C a capacitance and M is a mutual inductance. Resonance occurs at a characteristic angular frequency o 0 ¼ 1/OLC. Lines of this type have been shown to support the propagation of magneto-inductive waves, and their properties have been fully studied [2] [3] [4] [5] . The currents in neighbouring elements are related by
Here I n is the current in the nth loop. Assuming a solution in the form of a propagating wave, one can write I n ¼ I exp(Àjkna), where a is the separation of the loops and k is the propagation constant. This assumption leads to the 
More generally, the line cannot be infinite and termination will give rise to reflection and standing wave phenomena. For example, if the line terminates abruptly it has already been shown that the reflection coefficient is À1 [2, 3] . To suppress reflection it is necessary to terminate the line with a matched load. An idealised termination has been found; if the last element is modified by the addition of a series impedance DZ 0 ¼ Xexp(Àjka), the reflection can be entirely suppressed [2, 3] . Unlike an ordinary transmission line, this ideal terminating impedance is neither real nor constant. Furthermore, there are difficulties in realising it with physical circuit elements, because DZ 0 is not a simple function of o. We now consider the synthesis of more practical terminations, using elements of increasing complexity.
First, consider the case of a single-element termination as shown in Fig. 1b . Here the line goes to infinity at the righthand end, but is terminated at the left-hand end. Using the numbering shown, loop 0 is absent and loop 1 is defined to have a modified impedance Z 0 (although it has the same nearest neighbour coupling to loop 2 as before). In this case the governing equations become
To proceed we adopt an approach previously used in the solution of analogous problems involving coupled waveguide arrays [6] . Since the equations for all n ¼ 2 are effectively the same as for an infinite line, we take the solution here as a combination of forward and backwardtravelling waves, i.e. as I n ¼ I exp(jkna)+R exp(Àjkna), where I and R are incident and reflected wave amplitudes. This solution satisfies (3) automatically. For n ¼ 1, we cannot do this, so we simply assume that I 1 is an unknown current that must be found. We wish to know the reflection coefficient G ¼ R/I. With two unknowns we therefore require two simultaneous equations. Using (3), with n ¼ 2 we obtain
Substituting for I 2 and I 3 , we obtain:
Collecting terms together we may obtain the reflection coefficient G as
In the abruptly terminated case, when Z 0 ¼ Z, we obtain G ¼ À1 as required. For the case when Z 0 aZ we write Z 0 ¼ Z+DZ 0 , where DZ 0 is simply a series modification to the impedance of the loop. Equation (6) then becomes G¼ À fX 2 þDZ 0 expðjk2aÞ ½ZþX expðjkaÞg fX 2 þDZ 0 expð À jk2aÞ ½ZþX expð À jkaÞg ð7Þ (2) it is simple to show that this requires DZ 0 ¼ X exp(Àjka), i.e. the ideal termination previously found [2, 3] . However, as mentioned, this impedance is not easily realisable.
As an alternative, begin by considering a resistive termination. In fact, since X ¼ joM, the ideal termination is itself resistive when exp(Àjka) ¼ Àj. This situation arises
We term this value R. Figure 2a shows the variation of 7G7 with o/o 0 obtained from (7) for a lossless line with different real values of DZ 0 ¼ aR, where a is a multiplier that here ranges from 0.01 to 100. Data only exist over the finite range of o/o 0 allowed by the dispersion relation. The reflectivity is generally close to unity for both small and large terminating resistance. It is exactly unity at the band edges (when ka/ p ¼ 0 or ka/p ¼ 1) for all values of DZ, implying that the termination is entirely ineffective at this point. However, the reflectivity can be reduced in the middle of the band with an intermediate value of
Although the use of a single terminating resistance can suppress reflection at mid-band, there is still the problem of the band edges. We therefore now consider whether improvement can be obtained using a more complicated termination, for example, if the last two elements have modified impedance Z 00 and Z 0 as shown in Fig. 1c . In this case, G can be obtained as
Following the same line of argument as previously, note that when 
From (9) there are infinite combinations of a 0 and a 00 that give zero mid-band reflection. However, having chosen a 0 , a 00 is given by a} ¼ 1=ð1 À a 0 Þ ð 10Þ Figure 2b shows the variation of 7G7 with o/o 0 for a lossless line with two terminating resistors, obtained from (8) for different values of a 0 and a 00 . Once a 0 is chosen, a 00 is calculated from (10). In each case 7G7 is zero at o ¼ o 0 . The data set with a 0 ¼ 0, a 00 ¼ 1 has the first resistor set at zero and the second at R, and hence corresponds to the optimum obtained previously for a single-element termination. The other sets correspond to two-element terminations. There is little to choose between them, but the best performance is obtained with a 0 E0.3333 and a 00 E1.5. The overall effect is a clear improvement over the single-element termination, and low reflection is obtained over a much wider frequency range. The values of a 0 and a 00 are such that the smaller resistor is placed first in the chain, and the larger resistor second, so that the wave is gradually led onto an increasing absorber.
Experience in other fields of physics such as optics suggests that reflections may be reduced still further if the wave can be led still more gradually onto an absorber. It is clearly possible to continue the approach of the previous section to include more terminating elements, but the expressions become rather unwieldy. To investigate more complex terminations we therefore now develop a simple numerical procedure.
N-element resistive terminations
We now develop a simple algorithm for obtaining reflection coefficients for general N-element terminations. The procedure has three steps, as shown in Fig. 3 (i) An incident wave of unit amplitude is first launched in the line and propagated forward to the termination. The resulting current in element zero is found, as (say) I 01 .
(ii) A reflected wave of unit amplitude is launched in the line and propagated backward to the termination. The resulting current in element zero is again found, as I 02 . (iii) The reflection coefficient is then extracted as follows. The total current in element zero should be zero when both waves are present simultaneously, but with a reflected-wave amplitude of G rathen than unity. Hence, I 01 +G I 02 ¼ 0. The reflection coefficient can therefore be found as G ¼ ÀI 01 /I 02 .
This procedure is simple to implement as a computer algorithm with an arbitrary number of elements, by starting each wave some distance from the termination, defining adjacent currents with appropriate relative phase to represent a forward-or backward-travelling wave, and propagating each wave using the recurrence relation
Here Z n is the impedance of the n th element. For an N-element termination, the procedure requires 2N iterations of (11) followed by a single division to extract the reflection coefficient.
Three different types of termination are considered, shown in Fig. 4 . In each case, the last N elements each carry an additional series resistor, which might be incorporated relatively simply in a practical line. In the type I termination the resistors are all equal. In type II the resistor values increase linearly from a small value at the input to the termination to a larger value at the end. In type III the resistor values increase geometrically. The overall aim is to identify a termination that gives reasonable broad band performance from a small number of elements. of the termination. As a result the whole termination essentially behaves like a lossy Fabry-Perot cavity, as shown in Fig. 4 . For low a the suppression of reflectivity at mid-band is poor. For larger a the suppression at mid-band improves, and at its best the performance is a considerable improvement over that of single-or double-element termination. However, for larger a still, the suppression worsens once again.
Remaining with the analogy of a Fabry-Perot optical cavity, we may understand this behaviour as follows. In each case, interference between the waves reflected from the start and end of the cavity gives rise to oscillation in the overall reflectivity. The 'frequency' of the oscillation increases as N increases, because the length of the 'cavity' increases. For low a the reflection from the end of the cavity is large because the wave is insufficiently absorbed before it reaches it. For large a the reflection from the start of the cavity is large because the initial element represents too large a discontinuity. Improved results will be obtained if the wave may be more effectively absorbed before the end of the cavity without introducing a large discontinuity at the start. To achieve this a graded variation in absorption is needed. Figure 5b shows results obtained with a 10-element termination based on linearly varying resistors (type II termination). In each case the resistance increases gradually along the chain to a maximum of aR at n ¼ 1, where a ranges from 0.25 to 2.0. The results are qualitatively similar to Fig. 5a but the reflection coefficient at mid-band is generally lower, and low over a wider range. In fact, the reflectivity 7G7 may be of the order of 0.02 for most of the band. The oscillations in the reflection coefficient are largely eliminated, and larger values of a may be tolerated before the reflection coefficient starts to rise. In fact, extremely good performance may be obtained over the whole band for N420. Figure 5c shows results obtained with a 10-element termination based on geometrically varying resistor values (a type III termination). In each case the resistance increases gradually along the chain to a maximum of DZ 0 ¼ aR at n ¼ 1. Along the chain neighbouring values differ by a constant factor of b, so that DZ 0 ¼ b DZ 00 , and so on. The results are qualitatively similar to Fig. 5b , except that the reflection coefficient at mid-band is around an order of magnitude lower, and again lower over a wider range. In fact, 7G7 may be less than 0.005 over much of the band. The reflection suppression clearly improves as b increases, but a larger value of a is required as b rises. These results suggest that extremely effective broadband terminations may be constructed from graded absorbers.
Conclusions
The problem of constructing a termination for a onedimensional transmission line for magneto-inductive waves has been considered. General techniques for determining the reflection coefficient from terminated lines have been developed, and the reflectivities of various resistive terminations have been determined. It has been shown that reflection may be suppressed by gradually leading the wave into an absorbing region, which may be realised in practise by the simple addition of series resistance to a small number of line elements. It is likely that similar techniques will also be effective for lossy lines.
Different spatial variations of resistance have been considered. It has been shown that a geometrically varying absorber convincingly outperforms a linearly varying absorber, which in turn outperforms a constant absorber. While there is clearly some scope to construct terminations of specified performance by appropriate choice of the number of terminating element, fewer elements will be required in the geometrically varying case.
More generally, when the loop resonators are close together, non-nearest neighbour coupling must be taken into account. For example, if second neighbour coupling is included, (1) modifies to
where X 1 represents the coupling between nearest neighbours and X 2 is the corresponding term for second-nearest neighbours. Similar procedures may be followed to determine the reflection coefficient obtained at a termination. For example, the propagation algorithm previously given in (11) and used to determine the effect of varying the impedances Z n in a set of terminating loops modifies to
This modification does not introduce any significant computational complexity, and should allow such cases to be investigated in a similar way.
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